Motivated by the recent experimental observations of spin-liquid-like behaviors in the compound double perovskite Sr2CuTe1−xWxO6, which realizes the simultaneous tuning of frustration and disorder, we study the spin-1/2 Heisenberg model with the randomly distributed nearest-neighbor (J1) and next-nearest-neighbor (J2) interactions on the square lattice. By using the large-scale density matrix renormalization group (DMRG) calculation on cylinder system with circumference up to 10 lattice sites, we identify a disordered phase between the Néel and the stripe magnetic order phase with growing ratio J2/J1 in the strong randomness regime. The vanished spin-freezing parameter indicates the absent spin glass order in this disordered phase. The large-size DMRG results unveil that the spin-freezing parameter decays with system length Lx as L −1/2 x and the mean spin correlation decays as r −2 as a function of distance r, which follow the same size dependences in the onedimensional random singlet (RS) state. We propose this disordered state as a two-dimensional analog of the RS state in one dimension. The analysis of the formed different clusters in this RS state demonstrates the existence of the orphan spins, which may account for the gapless excitations. Our results indicate that this RS state may belong to the same fixed point as the RS state found in the random J − Q model, and the large-scale DMRG simulation opens new opportunities for further studies on frustrated antiferromangets with disorder. We also discuss the implications of our results for understanding the spin-liquid-like compound Sr2CuTe1−xWxO6. arXiv:2004.02128v1 [cond-mat.str-el] 5 Apr 2020
I. INTRODUCTION
Quantum spin liquid (QSL) is one of the most exotic quantum states realized in frustrated magnets 1 . Such quantum states break no spin rotational or lattice translational symmetry even at zero temperature due to strong quantum fluctuations [2] [3] [4] [5] . The remarkable properties of QSL states are demonstrated by the emergent long-range entanglement and the fractionalized excitations [6] [7] [8] , which have potential applications in quantum computation 9 . In the past decades, QSLs have been intensively sought in quantum antiferromagnets with frustrated and/or competing interactions 3-5 . In experiment, spinliquid-like materials do not show any magnetic order down to very low temperature. Recently, inelastic neutron scattering and thermal conductivity results have been interpreted to unveil the fractionalized excitations (see Refs. 3-5 and references therein). In particular, most of QSL candidate materials have been characterized as gapless spin liquids by low-temperature behaviors of specific heat and magnetic susceptibility, which appear to be a common feature of the found spin-liquid-like materials 4, [10] [11] [12] [13] [14] [15] [16] . However, theoretical studies have only established QSL states for pure systems in few most frustrated models associated with kagome or triangular lattices 3, 5 . Thus, only considering frustration and competing interactions may not explain the widely observed gapless spin-liquid-like behaviors in experiments.
One of the common factors that suppresses magnetic order in materials is the disorder, which can be induced by various reasons including the dynamical freezing of the electricpolarization degrees of freedom in case of the triangularlattice organic salts 11, 12 , the random substitution of ions like the random substitution of Zn 2+ by Cu 2+ in herbertsmithite 17 , and the cation mixing such as the Te 6+ -W 6+ mixing in Cr 2 (Te 1−x W x )O 6 18 . These disorders lead to the randomly distributed magnetic interactions, which suppress magnetic order and may induce spin-liquid-like exotic states 19, 20 . In one dimension (1d), the new quantum states driven by randomness have been well described by using the strong disorder renormalization group (SDRG) [21] [22] [23] [24] [25] [26] , which finds the infiniterandomness fixed-point (IRFP) with an infinite dynamic exponent representing the so-called random singlet (RS) state [24] [25] [26] . The RS state consists of pairs of spin singlets, where the longrange singlets are much weaker than the short ones and the singlets cannot cross 25 . This state has been found universal for a broad class of 1d spin models with random couplings [27] [28] [29] and has been reported recently in spin-chain materials such as Ba 5 CuIr 3 O 12 30 and BaCu 2 (Si 1−x Ge x ) 2 O 31 .
In two-dimensional (2d) frustrated magnets, the quantum states driven by disorder are more intriguing and remain less understood. While the SDRG calculation for the frustrated Heisenberg models with random couplings obtained a spin glass fixed point 32 , recent numerical simulations indeed find a disordered phase [33] [34] [35] [36] [37] [38] [39] [40] . The dynamical and thermodynamic properties of this disordered phase appear to be consistent with the predictions of gapless spin-liquid states [33] [34] [35] [36] [37] [38] [39] [40] , which supports the disorder as a possible reason of the gapless spinliquid-like behaviors in 2d frustrated materials. This disordered state has been proposed as the 2d RS state [34] [35] [36] [37] [38] [39] [40] . A recent quantum Monte Carlo (QMC) study on the designed random J − Q model also finds a disordered state with finite dynamic exponent and the averaged spin correlation function following the power-law decay C s (r) ∝ r −2 as a function of distance r, which is also proposed as a RS state 41 . This RS state arises out of a valence-bond solid (VBS) and is interpreted as the result of the interacting spinons localized at the nexus of different VBS domains 41, 42 . Nevertheless, the QMC cannot be applied to study frustrated Heisenberg spin systems due to the sign problem and the nature of their RS state is not fully understood. In particular, it remains not addressed if the spin glass phase predicted by the SDRG 32 is present or not [35] [36] [37] [38] [39] and whether the RS state found in frustrated systems belongs to the same fixed point as the RS state in the J − Q model.
In experiment, the disorder-induced spin-liquid-like behaviors have been observed in spin-1/2 antiferromagnets [43] [44] [45] , yet the continuous tuning of disorder has not been sufficiently explored. Recently, a promising gapless spin-liquidlike state has been reported in the compound double perovskite Sr 2 CuTe 1−x W x O 6 with spin-1/2 on the square lattice [46] [47] [48] . The isostructural materials Sr 2 CuTeO 6 (x = 0) and Sr 2 CuWO 6 (x = 1), which have the dominant antiferromagnetic (AFM) nearest-neighbor (NN) J 1 and next-nearestneighbor (NNN) J 2 interactions respectively [49] [50] [51] [52] , have been identified to have the Néel and stripe AFM order [49] [50] [51] [52] . By using the random Te 6+ -W 6+ cation mixing, the couplings in Sr 2 CuTe 1−x W x O 6 can be tuned while simultaneously introducing disorder 46 , which realizes a proper platform to study the interplay of frustration and disorder. In the J 1 − J 2 square Heisenberg model without disorder, a non-magnetic phase sandwiched between the Néel and stripe phase has been established near J 2 /J 1 = 0.5 due to strong frustration 53, 54 . In Sr 2 CuTe 1−x W x O 6 , by tuning x for x = 0 − 1, a disordered phase has also been found in the regime x ≈ 0.1 − 0.6 between the Néel (x 0.1) and stripe (x 0.6) phase, probed by the muon spin rotation (µSR) and the nuclear magnetic resonance (NMR) measurements 47, 48 . For x = 0.5, the µSR data down to the temperature T = 19mK have excluded the spin glass order 46 , but for other ratios the spin glass has not been ruled out 47 . Furthermore, the low-temperature magnetic specific heat shows a good linear-T dependence for T > 1.2K, which strongly suggests a gapless spin liquid but could also be consistent with a spin glass behavior 46, 47 . At the lower temperature T < 1.2K this linear-T component is found to decrease rapidly toward zero 48 , which is interpreted to unveil a nonzero singlet gap 48 . To understand the novel properties of this compound, exact diagonalization (ED) calculation has been applied recently on the spin-1/2 J 1 − J 2 square Heisenberg model with random J 1 , J 2 couplings, which finds a RS phase and a spin glass phase in the presence of both frustration and randomness 39 . Although these studies indicate that this disordered phase is induced by the combined effects of frustration and disorder 39, [46] [47] [48] 55 , its nature remains elusive. Limited by the system sizes one can access in ED studies, alternative methods are highly demanded for such systems to address the above questions.
In this paper, we apply the state-of-the-art density matrix renormalization group (DMRG) to study the spin-1/2 J 1 − J 2 Heisenberg model on the square lattice, which has both J 1 , J 2 as uniformly distributed random couplings. We focus on the strong randomness case and study the cylinder geometry with circumference up to L y = 10 lattice constants, which significantly extends system size and enables us to extract scaling behavior of correlations at large distance. With growing J 2 coupling, we identify a Néel AFM phase for J 2 /J 1 0.3, a stripe AFM phase for J 2 /J 1 1.0, and an intermediate disordered phase without magnetic order or spin glass order. Based on the large-scale DMRG results, we establish the size scaling behaviors of different quantities, including the 1/ √ L x dependence of spin-freezing parameter versus cylinder length L x In the presence of both frustration and randomness, a random-singlet state emerges between the Néel and the stripe magnetic phase. We determine the two phase transition points at J2/J1 0.3 and 1.0 by computing magnetic-order and spin-freezing parameters. and the r −2 decay of the mean spin correlation function. By analyzing the microscopic distributions of the formed different clusters, we find the robust existence of the orphan spins on large system size, which agrees with the vanished spin excitation gaps. Our DMRG results indicate that this gapless RS state should belong to the same fixed point as the RS state found in the random J − Q model. We also discuss the implications of our results for understanding the compound double perovskite Sr 2 CuTe 1−x W x O 6 .
II. MODEL HAMILTONIAN AND METHODS
We study the spin-1/2 Heisenberg model with randomly distributed NN J 1 and NNN J 2 couplings on the square lattice, whose Hamiltonian is defined as
where α ij and β ij denote the bond randomness variables that are uniformly distributed in the interval [−1, 1] for each bond, and the parameter ∆ controls the randomness strength of the interval [J i (1 − ∆), J i (1 + ∆)] (i = 1, 2). We set J 1 = 1.0 as the energy scale and we choose ∆/J 1 = 1.0 to focus on the strong randomness regime, which potentially has the largest regions for the possible RS phase and spin glass phase based on the ED results 39 . The schematic figure of the model is shown in Fig. 1(a) . We use the density matrix renormalization group (DMRG) with spin rotational SU(2) symmetry 56, 57 to study the system on large scale. We simulate the system on the cylinder geometry with the periodic boundary conditions along the circumference direction and the open boundary conditions along the axis direction. We use L y and L x to denote the numbers of sites along the circumference and the axis directions, respectively. To avoid open-edge effects, we choose the systems with L x = 2L y and calculate physical quantities using the middle L y × L y sites, which has been shown effective in the absence of randomness 58 . In Fig. 3 (a), we will show that the Néel order parameter we obtain from this DMRG setup and finite-size scaling agrees with the QMC result quite well, indicating the validity of our DMRG calculation for the random system. We keep 3000 SU(2) states (equivalent to about 12000 U(1) states) to ensure the truncation error smaller than 1 × 10 −5 . On small system sizes, we have compared the DMRG and ED results. With the help of the DMRG, we extend system size up to L y = 10, which is much larger than the size in the ED calculation.
To compute the physical quantities of the system with randomness, one needs to take the sample average for different randomness samples. In the ED calculation, we use the randomness samples up to 200 − 500. However, in the DMRG simulation we could not take so many samples because of the expensive computation time. To estimate the randomness sample dependence of the physical quantities, we have tested the averaged results calculated from different numbers of randomness samples. The sample dependences of the spinfreezing parameter q and the Néel order parameter m 2 N (see the definitions in the following sections) for J 2 = 0.5, ∆ = 1.0 are shown in Fig. 2 on the L y = 4, 6 cylinders. We take the number of randomness samples from 25 to 200, and one can see that both quantities converge very fast with growing sample number. Therefore, in our DMRG simulation we take 100 and 50 randomness samples for L y = 4, 6 and L y = 8, 10 cylinders respectively, which ensure the good sample average of the quantities. We use " " and "[ ]" to represent quantum mechanical and stochastic averages respectively in the formulas.
III. NUMERICAL RESULTS
In this section, we first demonstrate the DMRG results to identify the three different phases of the model with growing J 2 /J 1 by fixing ∆/J 1 = 1.0, which is summarized in Fig. 1(b) . Furthermore, we focus on the characterizations of the intermediate disordered phase. Since small and large J 2 lead to the Néel and stripe AFM order respectively 39 , we calculate corresponding magnetic order parameters from spin structure factor defined as
We compute structure factor using the spin correlations from the middle L y × L y sites, thus the total site number N s = L y × L y . The Néel and stripe order parameters can be defined as m 2 N = S(π, π)/N s and m 2 str = S(0, π)/N s . On the usual L y × L y torus, the stripe order has spin structure factor peaks at k = (0, π) and (π, 0). Here since cylinder geometry breaks rotational symmetry, the stripe order selects the dominant peak at k = (0, π).
In Fig. 3(a) , we show the finite-size scaling of the Néel order parameter versus 1/L y . For the case J 2 = 0.0 without sign problem, the Néel order parameter is extrapolated to m 2 N 0.064 in the thermodynamic limit, indicating the residual Néel order even in the presence of strong disorder. Our DMRG result also agrees with the previous large-size QMC result quite well 59 , which shows the validity of the DMRG setup and calculation. In the small J 2 side, m 2 N decreases with growing J 2 for each given size. For a comparison, we include the data of a non-magnetic state with J 2 = 0.5, ∆ = 0.0 58 . The size scaling of m 2 N shows that the Néel order is melted by the increased frustration for J 2 0.3.
In the large J 2 side, the stripe order parameter m 2 str is shown in Fig. 3(b) . With growing J 2 , m 2 str increases for each system size. For J 2 = 1.2, m 2 str is clearly extrapolated to a finite value, indicating the stripe order surviving from randomness. For J 2 = 0.7−0.9, m 2 str is weak and the finite-size scaling leads to the vanished stripe order in the thermodynamic limit. Since our focus is the characterization of the intermediate phase, here we roughly estimate the phase transition at J 2 1.0. Therefore, based on the large-scale DMRG results, we identify a non-magnetic phase for J 2 0.3 − 1.0 in the presence of strong randomness ∆ = 1.0, which qualitatively agrees with the ED conclusion 39 .
B. Spin-freezing parameter
Next we explore the possible spin glass order in the nonmagnetic phase 32, 39 . We define the spin-freezing parameter square q 2 as
If the spin orientations in a state freeze, q would be nonzero in the thermodynamic limit; it would be zero only if spin orientations are completely random 60 .
First of all, we study the system length dependence of the spin-freezing parameter in order to access thermodynamic limit. In this calculation, we fix L y and increase L x , thus N s = L x × L y in Eq. (3). We show the results of q versus 1/ √ L x for J 2 = 0.5, 0.7 and L y = 4, 6 in Fig. 4 . We study the systems with L x up to 48 and the DMRG results show the We study the cylinders with Ly = 4, 6 and Lx up to 48. The size scaling of q in the 1d RS state of the Heisenberg spin chain (here we use the periodic boundary conditions) with random couplings is also shown for a comparison. In all these systems, q approaches zero following the scaling behavior q ∝ 1/ √ Lx.
vanished q in the thermodynamic limit, which clearly follow the size scaling behavior q ∝ 1/ √ L x . Interestingly, we find that such a scaling behavior is the same as that in the 1d RS state of the Heisenberg spin chain with random couplings (see the circle symbols in Fig. 4 ). We also notice that for the given system length L x , the spin-freezing parameter decreases with growing L y , suggesting the absent spin-freezing parameter in the large circumference limit.
To study the 2d finite-size scaling of spin-freezing parameter, we follow the calculation of spin structure factor and compute q 2 using the middle L y × L y spin correlations. Since q scales as 1/ √ L x along one direction, it is expected to scale as 1/L y in this 2d scaling. The size scalings of q versus 1/L y for J 2 ≤ 0.5 are shown in Fig. 5 (a). For J 2 = 0.0, 0.2 with residual Néel order, q is clearly scaled to a finite value as expected. With growing J 2 , q continuously decreases. For J 2 = 0.5, q is smoothly scaled to zero.
The spin-freezing parameter for J 2 > 0.5 is shown in Fig. 5(b) . For J 2 = 1.2 in the stripe phase, q is scaled to a finite value. For J 2 = 0.7, a linear size-scaling in the previ- ous ED study finds q ∼ 0.01 in the thermodynamic limit 39 . In our DMRG results, if we follow the linear scaling based on the data of the small sizes L y = 4, 6, as shown by the solid line in Fig. 5(b) , we obtain q = 0.013, which indeed agrees with the ED result 39 . However, the data of q on the larger sizes deviate from the solid line, which lead to the vanished spinfreezing parameter and show the significant improvement by using DMRG calculation. The vanished spin-freezing parameter in the whole non-magnetic regime indicates the absent spin glass order.
C. Power-law decay of the mean spin correlation function
In this subsection, we study the mean spin correlation function (the averaged results of all the random samples) in real space C s (r), which may have a universal behavior that characterizes this disordered state. In the 1d RS state, the mean spin correlation follows a power-law decay C s (r) ∼ r −2 as a function of distance r 25 . For the RS state proposed in 2d frustrated Heisenberg models with random couplings [34] [35] [36] [37] [38] [39] [40] , the size dependence of the mean spin correlation function has not been studied since the limit of system size in the ED studies.
Here we analyze the size dependence of the mean spin correlation in two ways. First, we consider the L y -dependence of the mean spin correlation, which can be regarded as the 2d scaling and has been used in the QMC study of the random J − Q model 41 . We calculate the sample averaged absolute spin correlations that are defined for the largest-distance sites on the middle L y × L y subsystem of the cylinder, as shown in the inset of Fig. 6(a) . For any given random sample we take the average of the L y pairs of such spin correlations. We plot the obtained mean spin correlations versus L y as the log-log manner for J 2 = 0.5, 0.7 and ∆ = 1.0 in Fig. 6(a) , which show a power-law decay behavior C s (L y ) ∝ L −α y . By fitting the data, we find that the exponent α is very close to the inte-ger 2. Therefore, we plot the curves with C s (L y ) ∝ L −2 y to show the fitting of the DMRG data. Interestingly, this power exponent α 2 agrees with the exponent found in the RS state of the random J − Q model 41 . We also notice that the fitting of the power exponent in the random J − Q model has small finite-size effects 41 , which implies a good estimation of the exponent in our DMRG results.
Next we analyze the decay of the mean spin correlation function along the length direction of the cylinder, which can be taken as the 1d scaling. To reduce finite-size effects, we consider the large-circumference systems with L y = 8, 10 and L x = 2L y (see the results on the smaller systems in the Appendix A). We choose the reference site S 0 on the left side of the middle L y × L y subsystem and study the spin correlation decay [| S 0 · S r |] from the left to the right side, as shown in Fig. 6(b) . For any given random sample we take the average of the L y rows. The spin correlations decay similarly for L y = 8, 10, showing the smaller finite-size effects on these two systems. For both J 2 = 0.5 and 0.7, [| S 0 · S r |] follows the power-law decay. For J 2 = 0.5, the correlation decay could be fitted quite well with C s (r) ∝ r −2 . For J 2 = 0.7, although the short-distance correlations decay slower, the longer-distance correlations also follow the behavior C s (r) ∝ r −2 quite well.
In the analyses of the size dependence of spin correlations in the 2d and 1d scales, we find the good power-law decay behaviors C s (L y ) ∝ L −2 y and C s (r) ∝ r −2 , which indicate a universal behavior found here and also for other 2d and 1d RS states 25, 41 . For checking the universality of the spin correlation decay, we have studied the systems with the smaller randomness stregnth, which show the consistent power-law decay behavior (see the results for ∆ = 0.8 in the Appendix A).
D. Probability distribution of spin correlation function
Furthermore, we investigate the probability distribution of spin correlation function on different system sizes, which should be consistent with the power-law decay C s (L y ) ∝ L −2 y as shown in Fig. 6(a) . Following the definition in Fig. 6(a) , we consider the absolute spin correlation function defined for the largest-distance sites in the middle L y × L y subsystem, which is denoted as |C ij |. We first plot the probability P (|C ij |) versus ln |C ij | on different system sizes (see the Appendix B), which becomes broader with growing L y and is consistent with the decayed spin correlation C s (L y ).
To study the size scaling of the probability distribution, we define a new scaling variable λ
and transform the histograms from the distribution P (|C ij |) to P (λ). With the correct exponent β, the probability distributions P (λ) for different system sizes would collapse together. Meanwhile, the mean spin correlation C s (L y ) obtained from the integral of the data-collapsed distributions should agree with the direct calculation of C s (L y ), which we previously found C s (L y ) ∝ L −2 y in Fig. 6(a) . We have tried different β to collapse the data for L y = 6 − 10. The results with β = 1/3 and 1/2 are shown in Fig. 7 . One may find that for both β values, the correlation distributions collapse equally well, especially in the small λ regime where spin correlations are large. By tuning β, we find that the data collapse seems good in our resolution for the range of 0.3 β 0.8. In the random J − Q model on the square lattice, β is found to be 1/3 by using the data collapse of probability distribution with L y up to 48 41 , which is in the range of the estimated β in this J 1 − J 2 model. The uncertainty of β in our study should be owing to the limit of system size.
To eliminate the finite-size effects, we use an alternative form of the correlation distribution. Following Ref. 41 , we define the scaling variable
and plot P (x) versus x in Fig. 8 . By using the new scaling 
which agrees with the result in Fig. 6(a) . Notice that in Fig. 8 there is no adjustable parameter. The data for L y = 6 − 10 collapse with reasonably good quality, which further supports the power-law decay of spin correlation C s (L y ) ∝ L −2 y .
E. Microscopic characterization and excitation gaps
In the presence of random couplings, the translational symmetry of the system is broken and different site clusters may form in microscopic scale. In a recent ED study of the 2d RS state on different frustrated Heisenberg models, the systems show various types of clusters covering the lattice for each random sample, including the isolated dimer, the resonatingdimer cluster, and the orphan spin 40 . The main discovery is that the primary cluster in both the 2d and1d RS states is the isolated dimer 40 . Compared with the 1d RS state, the ratios of the resonating-dimer cluster and orphan spin are enhanced in the 2d RS state 40 . Here, we extend the similar analysis on the much larger system sizes for the different quantum phases. For each given random sample on the L x = 2L y cylinder, we collect the spin correlations S i · S j for the sites in the middle L y × L y subsystem. While the isolated dimer is the two-spin singlet with a strong bond correlation, the resonating-dimer cluster denotes a local cluster with more than two coupled spins. On the other hand, if all the bond correlations S i · S j related with a spin are weak, we define this site as an orphan spin. We briefly summarize our procedure to obtain the covering of the different clusters on the lattice in the Appendix C (see Ref. 40 for more details). Following this procedure, we find the covering of the different clusters on the middle subsystem. One example for J 2 = 0.5, ∆ = 1.0 on the 10 × 10 subsystem is shown in Fig. 9(a) . We calculate the ratios of the different clusters for each given random sample, and then we take the sample averages of the ratios. The results for different J 2 with ∆ = 1.0 are shown in Fig. 9(b) . For the three quantum phases, the primary cluster is always the isolated dimer and the ratios of the orphan spin in different phases are almost the same. For the systems with J 2 = 0.0 and 1.2 in the magnetic order states, the ratio of the resonating-dimer cluster is apparently larger than that in the RS phase. This comparison shows that the dominant ratio of the isolated dimer may not be taken as the characteristic feature of the RS state. It is also true in the magnetic order states in the presence of strong randomness.
In the previous ED study 39 , the spin-triplet gap for J 2 = 0.5, ∆ = 1.0 has been shown to be vanished. We have also calculated the spin-triplet and singlet gaps in the RS phase using the ED, which are shown in Fig 10. Compared with the results of J 2 = 0.0, ∆ = 1.0, which has the residual Néel order, both triplet and singlet gaps in the RS phase decrease for each given size, showing the vanished gaps in the thermodynamic limit. In particular, we find that the difference of the triplet gap between the Néel state and the RS state is small, while the singlet gap is strongly suppressed in the RS state, which may imply the different singlet excitations in the two phases. In the Néel order with a strong randomness, the spin excitations may still be connected with spin flip. However, in the RS state the excitations could be described by the singlettriplet excitations and the diffusion of the orphan spins 39 . 
IV. SUMMARY AND DISCUSSION
Motivated by the spin-liquid-like compound double perovskite Sr 2 CuTe 1−x W x O 6 , which realizes the simultaneous tuning of frustration and disorder in experiment [46] [47] [48] , we have studied the spin-1/2 Heisenberg model with the NN J 1 and the NNN J 2 interactions on the square lattice. We introduce the disorder by considering the uniformly distributed random J 1 , J 2 couplings in the interval [J i (1−∆), J i (1+∆)] (i = 1, 2) with the randomness strength ∆.
By using the large-scale DMRG calculation on the cylinder geometry with system circumference up to 10 lattice sites, we have studied the ground state of the system with growing J 2 /J 1 in the presence of strong randomness ∆/J 1 = 1.0. We have calculated magnetic order parameters and spin-freezing parameter q. The finite-size scalings of the order parameters indicate a Néel AFM phase for J 2 /J 1 0.3, a stripe AFM phase for J 2 /J 1 1.0, and an intermediate nonmagnetic phase without magnetic order or spin-freezing parameter, which indicates the absent spin glass order. In this non-magnetic phase, we have found the ground-state properties that agree with the corresponding behaviors in the 1d RS state, including the system length dependence of the spinfreezing parameter q ∝ 1/ √ L x and the power-law decay of the mean spin correlation C(r) ∝ r −2 as a function of distance, which characterize this non-magnetic phase as a 2d RS state that is an analog of the 1d RS state. We further analyze the formed clusters for each given random sample on the larger lattice size, including the dimer, the resonating-dimer cluster, and the orphan spin, and we compute the averaged ratios of the formed different clusters. We find the stable finite ratio of the orphan spin on large system size, which may account for the gapless excitations.
For the same model, the SDRG and ED calculations have predicted a spin glass phase 32, 39 . As shown in the DMRG results, the finite-size scaling of spin-freezing parameter which is limited on small system size indeed leads to a small finite value. However, the size scaling on the larger scale clearly indicates the absent spin-freezing parameter and shows the significant improvement by using the DMRG calculation. Although the SDRG suggests the spin glass fixed point in frustrated quantum Heisenberg models 32 , it has been rarely found in numerical simulation [34] [35] [36] [37] [38] . Understanding this general contradiction between theoretical and numerical results deserves further studies.
The recent QMC study on the random J − Q model also found a RS state, which has a finite dynamic exponent and the power-law decay spin correlation function C(r) ∝ r −241 . Since the ED results for frustrated Heisenberg models also suggest a finite dynamic exponent [34] [35] [36] [37] , the RS states in these two systems have been conjectured to belong to the same fixed point 40, 41 but the concrete evidence is lacking. Our large-scale calculations unveil the same power-law decay behavior of spin correlation as that in the J −Q model, which strongly supports that the RS states in the two systems belong to the same fixed point. For further study, the universality of this power-law behavior of spin correlation needs to be confirmed in other frustrated Heisenberg systems. The dynamic exponent in such models may also be explored by using the large-scale tensor network simulation at finite temperature 61, 62 or the analysis of the distribution of excitation gap.
For the compound double perovskite Sr 2 CuTe 1−x W x O 6 , one of the unsolved questions in recent experiments is that whether spin glass exists or not in the non-magnetic regime with x ≈ 0.1−0.6 46, 47 . For x = 0.5, the muon spin relaxation rate has a clear plateau at low temperatures down to 19mK, which indicates a spin-liquid-like state and no spin freezing 46 . For the other mixing ratios, the µSR has only been measured down to 1.5 − 1.8K, and the plateau of the muon spin relaxation rate has not been clearly observed, which cannot rule out a spin glass state 47 . Based on the J 1 − J 2 square Heisenberg model with uniformly distributed random couplings, we have investigated the most possible region with emergent spin glass phase 39 but our DMRG results find no spin glass order, which suggests that the spin freezing is likely to be absent in the whole non-magnetic regime of Sr 2 CuTe 1−x W x O 6 . This theoretical prediction calls for further µSR measurements at the lower temperature. In Fig. 6(b) , we have shown the power-law decay of spin correlation function in the RS phase on the L y = 8, 10 cylinders. Here we demonstrate the spin correlation function on the L y = 4, 6 cylinders with much larger L x in Fig. 11 . Following the definition in Fig. 6(b) , we study the spin correlation decay in the bulk of cylinder. For the L y = 4, L x = 32 system, the spin correlations at long distance also agree with the decay behavior C s (r) ∝ r −2 . On the L y = 6, L x = 48 cylinder, the spin correlations slightly derivate the r −2 behavior but show the r −1.8 power-law decay. We remark that the spin correlations at J 2 = 0.7 are consistent with r −2 decay on the larger L y = 8, 10 systems, suggesting that the inconsistent decay behavior for L y = 6 is owing to the finite-size effects.
In the main text, we mainly focus on the strong randomness case with ∆ = 1.0. For checking the universality of this r −2 decay in the RS phase, we also calculate the spin correlation function for the smaller ∆. One example is shown in Fig. 11(c) for J 2 = 0.5, ∆ = 0.8. Similar to the decay behavior in Fig. 11(a) , the correlations at the smaller ∆ also follow the r −2 power-law decay quite well.
In Fig. 12 we show the histograms of the probability distribution of the spin correlations in the RS phase. Here C ij follows the definition in the main text, which denotes the spin correlations of the largest-distance sites on the middle L y ×L y subsystem of the cylinder. One can find that the distribution of spin correlation becomes broader with growing system size and the dominant contribution with large probability gradually moves to the smaller correlation side, showing that the spin correlation would decay with increased L y . Appendix C: Procedure to obtain the covering of the different clusters on the lattice Here, we clarify that the procedure is executed on a given random sample in the middle L y × L y subsystem of a L x = 2L y cylinder. First of all, all the bonds including the longrange bonds are added to a list and ordered from the smallest to the largest according to their correlation functions if the value C ij is smaller than a given value C d . In the procedure we take C d = −0.25, because the entanglement entropy between two spins vanishes when their correlation function C ij > −0.25, which is impossible for them to form a "singletdimer". The bonds are then regarded as "singlet-dimers" according to their order on the list. There are two rules on the dimer identification process: (i) the bonds which have the smaller correlation functions are more likely to form singletdimers. (ii) one site can only be involved in one singlet-dimer. Considering the frustration effect, there is a possibility that the singlet dimer-coverings resonance to a slightly different configuration if two bonds close to each other have nearly the same correlation function. Therefore, we put the bonds that could have the local resonance in different groups which we call "resonating-dimer clusters" and one cluster contains 3 spins or 2 bonds at least.
The procedure for cluster generation is based on the above dimer process, since we still have to identify the singlet-dimer before adding it into a resonating-dimer cluster. A cluster is always generated from one isolated singlet-dimer but for more general explanation we assume that a cluster has already included m-spins with the maximum correlation function C max of the singlet-dimer bonds involved in the cluster. Then, we start to traverse the entire singlet-dimer list obtained according to the above rules. A singlet-dimer will be added to the m-spins cluster so long as it involves at least one site of the cluster and satisfies the condition C k − C max < δ (C k is the correlation function of the bond on the ordered list). Here, we take δ = 0.03125 to be consistent with Ref. 40 . Every time a new singlet-dimer is included , we update the maximum correlation function C max and then repeat the process until there is no other singlet-dimer on the list can be added into the cluster. After the above generation procedure, there are still some spins that are involved in neither isolated singlet-dimers nor resonating-dimer clusters. These unpaired spins are identified as "orphan spins". So far we have classified the three types of clusters, and each spin must be included in one of them. * wuhanq3@mail.sysu.edu.cn † donna.sheng1@csun.edu ‡ shoushu.gong@buaa.edu.cn 1 Claudine Lacroix, Philippe Mendels, and Frederic Mila, "Introduction to frustrated magnetism: Materials, experiments, theory," Springer (2013). 2 Leon Balents, "Spin liquids in frustrated magnets," Nature 464, 199-208 (2010). 3 Lucile Savary and Leon Balents, "Quantum spin liquids: a review," Reports on Progress in Physics 80, 016502 (2016).
